For real positive v, Fv(z) has an infinity of real zeros and poles, to the right of the point z= v. Zeros and poles alternate from left to right, starting with a zero. As v decreases, they all move along the real axis towards the origin. The first zero enters the origin for v = 0. As v goes from 0 to -1, it moves on the imaginary axis, returning to the origin for v = -1. Also the first pole and the second zero reach the origin for v = -1. In general, whenever v approaches a negative integer, -m<v, m = 1,2,3,..., 2(m + 1) zeros and 2m poles in the whole z-plane tend to the origin. As v decreases below -m, they leave the origin, making a trip in the complex z-plane and coming back to the origin for v = -(m + 1). Two new (symmetric) real zeros and poles enter the origin for this value of v.
3. Saddle Points. Let us now investigate the location of points zn in which the modulus of Fv(z) presents a saddle. In these points, one has (3.1) dFviz)ldz = 0 for z = z".
On the other hand, /\,(z) satisfies the differential equation It is not difficult to find analytic expressions giving the values zn to desirable accuracy. A possible procedure is that used by Fettis et al. [6] The repeated application of (3.10), starting with a value s not far from sn, allows one to obtain sn with the desired accuracy. The symmetry property given by (1.6) causes some saddle points to enter the origin whenever v reaches negative integer values. Let us study in which form these saddle points tend to the origin as v tends to -m.
If we replace (1.2) in (3.3), we obtain for the saddle points either of the two conditions (3.12, a) tJv+lbnWM = " + ("2 -zn)l/2> The modification required by the plots as v varies can be easily deduced from the discussion concerning zeros, poles, and saddle points done in Sections 2 and 3.
Figure 4
Modulus and phase of the reduced logarithmic derivative of the cylindrical Bessel function of order v --5.5. The notation is the same as in Figure 3 .
